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Abstract 

The "time-evolution if-operator" (or "relative Hamiltonian vector field" ) in mechanics is a 
powerful tool which can be geometrically defined as a vector field along the Legendre map. It 
has been extensively used by several authors for studying the structure and properties of the 
dynamical systems (mainly the non-regular ones), such as the relation between the Lagrangian 
and Hamiltonian formalisms, constraints, and higher-order mechanics. 

This paper is devoted to defining a generalization of this operator for field theories, in a 
covariant formulation. In order to do this, we use sections along maps, in particular multivector 
fields (skew-symmetric contravariant tensor fields of order greater than 1), jet fields and con- 
nection forms along the Legendre map. As a relevant result, we use these geometrical objects 
to obtain the solutions of the Lagrangian and Hamiltonian field equations, and the equivalence 
among them (specially for non-regular field theories). 
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1 Introduction 

The so-called time-evolution K-operator in mechanics (also known by some authors as the relative 

Hamiltonian vector Bold) is a tool which has mainly been developed in order to study the Lagrangian 
and Hamiltonian formalisms for singular mechanical systems and their equivalence. It was first 
introduced in a non-intrinsic way in [3] as an "evolution operator" to connect both formalisms, 
as a refinement of the technique used in [34]. This operator was later defined geometrically in 
two diff'erent but equivalent ways [9], [24] for autonomous dynamical systems, and in [8] for the 
non-autonomous case. In [24], a further different geometric construction is given, using a canonical 
map introduced by Tulczyjew [47]. 

The following is a summary of relevant results obtained using this operator: 

• The equivalence between the Lagrangian and Hamiltonian formalisms is proved by means 
of this operator in the following way: there is a bijection between the sets of solutions of 
Euler-Lagrange equations and Hamilton equations, even though the dimensions of the final 
constraint submanifold in both formalisms are not the same, in general (see [3], [25]). 

• The complete classification of constraints is achieved. All the Lagrangian constraints can be 

obtained from the Hamiltonian ones using the ii'-operator in the following way: at each level of 
the Lagrangian constraint algorithm, every Lagrangian constraint which is projectable by the 
Legendre map is associated with a Hamiltonian one of the preceding level of the Hamiltonian 
constraint algorithm, which is Grst-class with respect to the primary constraints, whereas 
the non-projectable Lagrangian constraints are associated with the second-class Hamiltonian 
ones (see [3]). 

• Noether's theorem is proved and the relation between the generators of gauge and "rigid" 
symmetries in the Lagrangian and Hamiltonian formalisms is studied. Thus, each Lagrangian 
Noether infinitessimal symmetry can be obtained from a Hamiltonian generator of symme- 
tries, which is a conserved quantity (see [21], [22], [26], [28], [29], [32]). 

• This operator has been applied to study Lagrangian systems whose Legendre map has generic 
singularities; that is, it degenerates on a hypersurface (see [43], [44]). 

Most of these results have also been generalized for higher-order Lagrangian systems [10], [27], 
[30], [31], and for the case of more general types of singular differential equations on manifolds 
(implicit systems of equations) [25] . Finally, although a covariant description of this operator was 
not available, it has also been used to study several characteristics of some physical models in field 
theory, namely the bosonic string [1], [2], [26]. 

Our aim is to generalize the definition, properties and some of the applications of this operator 
for field theories (specifically, the non-regular ones) in order to describe the relationship between 

the Lagrangian and Hamiltonian formalisms. In particular, in this first work we will study how to 
obtain the solutions of Lagrangian and Hamiltonian field equations by means of this operator, and 
the relation between them, while the applications concerning constraints and symmetries will be 
the subject of further research. 

We follow the procedure outlined in [24] and [8], which is based on the concept of section 
along a map [42], of which this operator is a particular case. The properties of these sections and 
their applications in mechanics have been extensively analyzed in different situations [6], [11], [12], 
[13], [14], [36], [41]. Our standpoint is the multisymplectic jet bundle formulation of Lagrangian 
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and Hamiltonian field theories. The essential geometric objects to be dealt with are transversal 
distributions in the corresponding bundles, which we study from three equivalent points of view: 
connections, jet fields and (classes of) transversal multivector fields. The first two are extensively 
used in the standard bibliography (see, for instance, [46]), while the third is introduced as a more 
convenient algebraic tool for certain applications. Furthermore, each formulation has particular 
characteristics which make easier to prove the results of the work. 

The organization of the paper is as follows: In Section 2, we review first the definition and 
the main properties of the evolution operator K for autonomous mechanics. Secondly, we state 
the main characteristics of multivector fields and their relation with jet fields and connections in 
jet bundles. Then we review the Lagrangian and Hamiltonian multisymplectic formalisms of field 
theories. Section 3 is devoted to a study of the concept and properties of multivector fields, jet 
fields and connections along maps, in the context of the jet bundle description of field theories. 
Next, the extended and restricted covariant field operators are defined in three equivalent ways, 
and their existence and non-uniqueness is proved. Finally, in Section 4, some properties of these 
operators are studied; namely, how they can be used to obtain the solutions of the Lagrangian and 
Hamiltonian field equations both for regular and singular theories (on the submanifolds where they 
exist), and hence the equivalence between the solutions of field equations in the Lagrangian and 
Hamiltonian formalisms are obtained in a straightforward way. 

Throughout this paper tt-.E^M will be a fiber bundle (dim Af = m, dim E = N + m), where 
M is an oriented manifold with volume form u; € 17™ (M). tt^: J^E E is the jet bundle of local 
sections of tt, and vf^ = tt o tt^: J^E — > M gives another fiber bundle structure. (x",j/"^,u^) will 
denote natural local systems of coordinates in J^E, adapted to the bundle E ^ M {a = 1, . . . , m; 
A = 1, . . . , N), and such that lo = dx^ A ... A dx"^ = d^x. Manifolds are real, paracompact, 
connected and C°°. Maps are C°°. Sum over crossed repeated indices is understood. 



2 Preliminary considerations 



2.1 The evolution operator K in (autonomous) mechanics 



(See [24] for details). 

Let a: F ^ B he a fiber bundle, and ^: A ^ B a differentiable map (we assume that ^{A) is a 
submanifold of 5). A section along $ is a map T:A^F such that cr o T = So we have 



A 




a 



-B 



In particular, if F is either A™TS, A'^T*B or (g) T*B (g) TB, the sections are called m-vector fields, 
k-forms, or {k, m)-tensor fields along and the sets of these elements are denoted by X^{A,^), 
f2'^{A, $), and T^{A, $), respectively. Obviously, every section s: B ^ F of the projection a defines 
a section along $ by T = s o 

Contractions between tensor fields along maps are defined in a natural way. In this paper we 
will only use the following: if T G r^(^, $) and T G T;}{A, $), then 



[iiT)r]ip):=i{T{p))[rip)] , foreverypGA 
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so that, if n > m then i{T)r' e r/=+"-"*(^, $), and if m = n, A; = r = 0, then i{T)T' G C°°(^). 
Of course, if n < m, then i{T)T' = 0. 

Let (TQ,UjC,^c) be a Lagrangian system, TC:TQ T*Q the Legendre map, U G f2'^(T*Q) 
the canonical form, and the canonical projections TrQ:T*Q —>■ Q, tt*q:TT*Q T*Q. 

The evolution operator K associated with the Lagrangian system (TQ, O/;, E^) is a map K: TQ — 
TT*(5 satisfying the following conditions: 

L {Structural condition): if is a vector field along J^jC, 

tt*q o K = J-C 

2. {Dynamical condition): J='C*[i{K){n o JF/:)] = dE^. 

3. {Second-order condition): Tttq o K = Mtq- 



The existence and uniqueness of this operator can be proved, and its local expression (using natural 
coordinates in TQ and T*Q) is 



By definition, ip:M ^ TQ is an integral curve of K if 

TJ^C o (f = K o (p 

so we have the diagram 

TTQ 



TT*Q 



K 



TQ 



T*Q 



(1) 



Moreover, = 0, for ^: M ^ Q (that is, is holonomic). 
The main properties of this operator are the following: 

• If there exists an Euler-Lagrange vector field Xc G X{TQ) for {TQ,^),c,Ec) (that is, a 
holonomic vector field verifying that i{Xc)^c = dE^), then ip:M —>■ TQ is an integral curve 
of Xc if, and only if, it is an integral curve of K; that is, relation (1) holds. 

As a direct consequence of this fact, the relation between K and Xc is 



TJF£ oXc = K 



(2) 



In general, if the dynamical system is not regular, Euler-Lagrange vector fields exist only on 
a submanifold S ^ TQ. 

If there exists a Hamilton-Dirac vector field Xh G X{T*Q) associated with the Lagrangian 
system {TQ,^c,^c) (that is, a vector field solution of the Hamilton-Dirac equations in the 
Hamiltonian formalism), then -0: M ^ T*Q is an integral curve of Xh if, and only if. 



ip = K o Tttq o ip 



(3) 
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So we have the diagram 




As a consequence, the relation between K and Xu is 

XhoTC = K (4) 

In general, if the dynamical system is not regular, Hamilton-Dirac vector fields exist only on 
a submanifold P ^ T*Q. 

• If ^ G C°°{T*Q) is a Hamiltonian constraint, then i{K){d^ oJ^C) is a Lagrangian constraint. 

Relations (1), (2), (3) and (4) show how the Lagrangian and Hamiltonian descriptions can be 
unified by means of the evolution operator K. 

2.2 Multivector fields, jet fields and connections in jet bundles 

(See [17] and [18] for the proofs and other details of the following assertions). 

Let ii^ be a n-dimensional differentiable manifold. Sections of A™(Ti?) are called multivector 
fields in E, or more precisely, m-vector fields in E (they are contravariant skew-symmetric tensors 
of order m m. E). We will denote by X^{E) the set of m-vector fields in E. Ye 3i"^{E) is said 
to be locally decomposable if, for every p £ E, there exists an open neighbourhood Up C E and 
Yi, . . . ,Ym € X{Up) such that Y = Yi A . . . A Y^,. Contraction of multivector fields and tensor fields 

Up 

in E is the usual one. 

We can define the following equivalence relation: if Y, Y' G X"^{E) are non- vanishing m-vector 
fields, and U C £^ is a connected open set, then Y ^ Y' ii there exists a non-vanishing function 

/ G C°°{U) such that Y' = fY. Equivalence classes will be denoted by {Y}u. There is a one- 
to-one correspondence between the set of m-dimensional orientable distributions D in TE and the 
set of the equivalence classes {5^}e of non- vanishing, locally decomposable m-vector fields in E. 
If y G X"^{E) is non- vanishing and locally decomposable, the distribution associated with the 
class {5^}c/ is denoted 'Dij{Y) (If U = E we write P(y)). A non- vanishing, locally decomposable 
m-vector field Y G 3C"^{E) is said to be integrable (rcsp. involutivc) if its associated distribution 
Vu{Y) is integrable (resp. involutive). Of course, if y G X"^{E) is integrable (resp. involutive), 
then so is every m-vector field in its equivalence class {Y}, and all of them have the same integral 
manifolds. Moreover, the Frobenius' theorem allows us to say that a non- vanishing and locally 
decomposable m-vector field is integrable if, and only if, it is involutive. 

Let us consider the following situation: if tt: £^ — > M is a fiber bundle (dim M = m), we are 
concerned with the case where the integral manifolds of integrable m-vector fields in E are sections 
of TT. Thus, y G X"^{E) is said to be Tr-transverse if, at every point y & E, {i{Y){7r*io))y ^ 0, where 
u G n"\M) is the volume form in M. Hence, T>{Y^ is a complementary of the vertical subbundle, 
and so there exists a unique connection whose horizontal subbundle is just V{Y). If y G X^{E) is 
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integrable, it is 7r-transverse if, and only if, its integral manifolds are local sections of ir-.E ^ M. 
In this case, if (j):U G M ^ E is a local section with (f>{x) = y and (f){U) is the integral manifold 
of Y through y, then Ty(lm(j)) is Vy^V). Integral sections (f) of Y can be characterized by the 
commutativity of the diagram 



M 



A"^TE 



fY 



E 



that is, by the condition 



A"*T(/. = fYo(j)oaM 



(5) 



where aM denotes the natural projection and / E C°°(-E') is a non- vanishing function (observe that 
we are really characterizing the entire class {Y} of integrable m- vector fields). 

From the above comments we conclude that classes of locally decomposable and 7r-transverse m- 
vector fields {Y} C 3C^{E) are in one-to-one correspondence with orientablc Ehresmann connection 
forms V in tt: -E M (orientable in the sense that their associated horizontal distribution is 
orientable), and hence with orientable jet fields '^■.E^ J^E [46]. Observe that this correspondence 
is characterized by the fact that the horizontal subbundle associated with ^ (and V) coincides with 
D(y). Furthermore, the orientable jet field ^ (and the connection form V) is integrable if, and 
only if, so is Y, for every Y G {Y}. 

Next we are going to make explicit the above correspondence. Given the bundle n: E ^ M, 
denote by {A'^TE} the projective bundle associated with A"'TE. Let pE'- A'^TE -> {A"'TE} and 
{cte}: {A"^TE} ^ Ehe the natural projections, and denote by {A"^TE}y the fiber at y € E. We 
can define a map 

T^;: J^E {A'^TE} 

as follows: for every y G J^E with y ^ y x, if (f): M ^ E is a representative of y, then 
maps y = j^(f){x) onto the projective class of m-vectors associated with the m-dimensional subspace 
ImTa;0. An element of {A'"''TE}y belongs to ImT^; if it is a class of vr-transverse m-vectors at 
y & E, such that it has a representative which is decomposable. Denoting by D'^ the set of those 
classes, we have that ImTg = [jy^^D^ = D^TE. The map is injective, and hence it is 
bijective onto its image D"^TE. Then, there exists its inverse T^^ (on D"^TE), which acts as 
follows: for every (y, {ui A ... A Um}) S D'^TE with Tr{y) = x, let (p: M ^ E he a local section 
such that Tx(f)[Ty7r{ui)] = Ui, then T^\y, {m A . . . A Um}) = jV- 

Otherwise, if {Y} G D"^TE, there exists a unique connection form V such that {Y} is the 
image in D"^TE of its horizontal distribution. Let 



7r*T*M(8)E TE 



be the map that associates to every element of D"^TE the corresponding connection form (observe 
that, given a horizontal distribution H C TE, there is a unique map V: — > 7r*T*M (g)^ TE such 
that V(y)(T^(-j^)M) = Hy. Like T^;, the map T'^ is injective, and hence it is bijective onto its 
image, which is just the set of Ehresmann connections in it: E ^ M. 
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So we have the diagram 



7r*T*M(8)B TE 



(6) 



PE 



J'E 



Therefore, from a class {Y}:E — > D'^TE we obtain ^' = T^^ o {Y}, and conversely, from ^ we 
construct {¥} = T£;o<I'. In the same way, from the class {Y}: E D"^TE we obtain V = T'^o{Y}, 
and conversely, from V we construct {Y} = T^"^ o V. 

As an evident consequence of the existence of the bijections T e'. J^E D"^TE and from 
D^TE onto its image, D"^TE inherits the affine structure over 7r*T*M V(7r) common to J^E 
and the set of Ehresmann connections in tt: — > M. 

We want to characterize the integrable m- vector fields in J^E whose integral manifolds are 
canonical prolongations of sections of vr. Let {X}:J^E D'^TJ^E C {K^TJ^E] be a class of 
non- vanishing, locally decomposable and 7f ^-transverse m- vector fields in J^E, let <?': J^E J^J^E 
be its associated jet field, and V: J^E —>■ Tr'^*TM ®jie T^J^E its associated connection form. Now 
diagram (6) can be completed as follows 



7r*T*M 0eT^E 



{A"^TE} D D'^TE 



{A^^Ttt^} 



d'^t.Pe 



PE 



A'^TE 



■E 



^E^ 



J^E 



.PE 



'Y^ — 1 



c {A'^tPe} 



Pj^e 



(7) 



PPe 



A'^TPE 



where the natural projection r Ttt^: 7f^*T*M ®jie TPE tt*T*M ^eTE acts in the following 
way: if [y,C ® v] G 7fi*T*M (g)jiE TpE, with y € PE, ( G T*-,^-^M, v G TyPE, then 

iT^T7r^)[y,C®v] := [7r\y),C ®Ty7r\v)] (8) 
Then, bearing in mind the commutativity of this diagram, we have that = '^jie ° {^}: thai 

V = T'^i^;0 W, SO 

T^^ o T'e~^ o t ® Ttt^ o V = T^^ o {A^^Ttt^} o {X} = J^tt^ o ^ 

and, if X: PE A'^TpE is a representative of the class {X}, denoting qe := T^^ o {A'^Ttt^} o 
PjiE, from the last equality we obtain that 

T^^ o T'e~^ ot^Ttt'^ oV = qeoX = J o 
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Definition 1 The jet field ^, its associated connection form V in ir^: J^E — > M, and their asso- 
ciated class {X} are said to he: 

1. Semi-holonomic (or a Second Order Partial Differential Equation^, if 

Tg^ o o r ® Ttt^ o V = Tg^ o {A^^Ttt^} o {X} = /tt^ o <F = Idji^ 

If X € {X} is a representative of this class, then it is a semi-holonomic m-vector field, and 
the above condition leads to 

qeoX = Id ji E 

2. Holonomic if they are integrahle and their integral sections ip: M —>■ J^E are holonomic (that 
is, (f = j^(f), for some section cp: M ^ E). 

Then, it can be proved that the class {X}, and its associated jet field ^ and connection form 
V are holonomic if, and only if, they are integrable and semi-holonomic. 

In a natural chart in J^E, the local expressions of these elements are 

X - I f( ^ ^ ^ 



a=l 



^ = {x»,y^,v^,F^,Gt) 

where / € C°°{J^E) is an arbitrary non- vanishing function. A representative of the class {X} can 
be selected by the condition i{X){Tr^*Lo) = 1, which leads to / = 1 in the above local expression. 
We will adopt this particular choice in the sequel. 

Now, if these elements are integrable, and (p{x) = {x°',y^ = (p^{x),v^ = (f^{x)) is an integral 
section, then the components of are solution of the system of partial differential equations 

F^{x, v''{x),cp^{x)) = ^ , Gtix, V^'^ix), ^^{x)) = ^ ; {A,B = 1 . . . N; r,,a,u = 1 . . .m) 

If these elements are semi-holonomic, their local expressions are the same as in (9) with F^ = 
v^. In addition, if they are integrable, as their integral sections are holonomic, given a section 

(p(x) = ix'^^y^ = its jet prolongation i^(j){x) = = (p'^ix^^v^ = — — ix) is an 

\ ax" / 

integral section iff the components of cj) are solution of the second-order system of partial differential 

equations 

Gt(^'</:''''^) = 5^ ; (AS = 1,...,7V; r?,a,. = l,...,m) (10) 
(See [17] and [18] for details). 

2.3 Lagrangian formalism for classical field theories 

(See, for instance, [4], [17], [18], [23], [40], [45], [46], for details). 
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A classical field theory is described by its configuration fiber bundle w: E ^ M; and a La- 

grangian density which is a vf^-semibasic m-form on J^E. A Lagrangian density is usually written 
as £ = £7f^*uj, where £ G C°°{J^ E) is the Lagrangian function associated with C and uj. The 
Poincare-Cartan m and (m + l)-forms associated with the Lagrangian density C are defined using 
the vertical endomorphism V of the bundle J^E 

■= i{V)C + £ G Q-^iJ^E) ■ Qc ■■= -dec € fr'+\j^E) 

Then a Lagrangian system is a couple {J^E, Qc)- We will say that the Lagrangian system is regular 
if is 1-nondegenerate. In a natural chart in J^E we have 



<d< A d-x + - TO? + A 



(where d™'~^Xa ^ i I — ) d^x ); and the regularity condition is equivalent to det . „ {y) 7^ 



, for every y G J^E. We must point out that, in field theories, the notion of regularity is not 
uniquely defined (for other approaches see, for instance, [5], [15], [16], [37], [38], [39]). 

The Lagrangian problem associated with a Lagrangian system {.J^E,^lc) consists in finding 
sections (p G T{M,E) (T(M,E) denotes the set of sections of tt), which are characterized by the 
condition 

(iV)* i{X)nc = , for every X e X{J^E) 

In natural coordinates, if (l){x) = (x", ^'^(x)), this condition is equivalent to demanding that cj) 
satisfy the Euler-Lagrange equations 



d£ 



dy' 



d d£ 



= , (for A = l,...,iV) (11) 

r<t> 



The problem of finding these sections can be formulated equivalently as follows: finding a dis- 
tribution D of T{J^E) such that it is integrable (that is, involutive), m-dimensional, 7f^-transverse, 
and the integral manifolds of D are the sections solution of the above equations. This is equivalent 
to stating that the sections solution of the Lagrangian problem are the integral sections of a class 
of holonomic m-vector fields {Xc} C X"^{J^E), such that 

i{Xc)nc = , for every X£ G {X^} 

Taking into account the equivalence between classes of non-vanishing, locally decomposable and 
7f ^-transverse m-vector fields with orientable jet fields and connections, we can also state the above 
problem in two additional equivalent ways: finding a holonomic connection Vc in tt^: J^E — > M 
such that 

or a holonomic jet field \Fc- —>■ J^J^E, such that 

i{^c)^C = 

(where the contraction of jet fields with differential forms is defined in [17]). Semi-holonomic locally 
decomposable m-vector fields, jet fields and connections which are solution of these equations are 
called Euler-Lagrange m-vector fields, jet fields and connections for (J^-E, O^). 
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Their local expressions are (9) with = v^, and where the coefficients are related by the 
system of linear equations 

Gt = ^ - ^Z;:^ - ^-T^vf^ {AB = 1,...,N) (12) 



Therefore, if j^^ = i x^, cf)'^, -^—^ \ is an integral section of Xc, then = -^-^ , and hence the 

coefficients G^^ must satisfy equations (10). As a consequence, the system (12) is equivalent to the 
Euler-Lagrange equations (11) for the section ^. 

If {J^E, Vtc) is a regular Lagrangian system, then the existence of classes of Euler-Lagrange 
m-vector fields for C (or what is equivalent, Euler-Lagrange jet fields or connections) is assured, and 
in a local system of coordinates, these m-vector fields depend on N{m'^ — 1) arbitrary functions. 
For singular Lagrangian systems, the existence of Euler-Lagrange m-vector fields is not assured 
except perhaps on some submanifold S ^ J^E, and the number of arbitrary functions on which 
they depend is not the same as in the regular case, since it depends on the dimension of S and the 
rank of the Hessian matrix of £. Furthermore, locally decomposable and vf^-transverse m-vector 
fields, solutions of the field equations can exist (in general, on some submanifold of J^E), but 
none of them being semi-holonomic (at any point of this submanifold). As in the regular case, 
although Euler-Lagrange m-vector fields exist on some submanifold 5*, their intcgr ability is not 
assured except perhaps on another smaller submanifold I ^ S such that the integral sections are 
contained in /. 



kA 



2.4 Hamiltonian formalism for classical field theories 

(See, for instance, [7], [19], [20], [23], [33], [35], [40] for details). 

For the Hamiltonian formalism of field theories, the choice of a multimomentum phase space 
or multimomentum bundle is not unique. In this work we take: J^*E = A^^T* E / Aq^T* E , where 
A]"T*£' = M-TT is the bundle of m-forms on E vanishing by the action of two 7r-vertical vector fields 
(sometimes it is called the extended multimomentum bundle), and Aq*T*£' = 7r*A"*T*M. We have 
the natural projections 

T^:J^*E^E , f'^ =ttot'^:J^*E ^ M 

Given a system of coordinates adapted to the bundle n: E M, we can construct natural coor- 
dinates in J^*E and A^vr, which will be denoted as {x"',y^,p'X) and {x°' , y"^ , p% p) , respectively 
(a = 1, . . . ,m; ^ = 1, . . .,N). 

Now, if {J^E, ^Ijr) is a Lagrangian system, we introduce the extended Legendre map associated 
with £, TC: J^E — > A^tt, in the following way: 

{J^Ly)){Zi,...,Zm) := {Qc)y{Zi, . . . , Zm) 

where Zi, . . . , Z^ G T^i(j^)£?, and Z\, ... , Z^ £ TyJ^E are such that TyTr^Za = Z^. [TL can also 

be defined as the "first order vertical Taylor approximation to i^" [7]). Hence, using the natural 
projection /x: AItt = Af T*E ^ Af T*£;/A[f T*£; = J^*E, we define the restricted Legendre map 
associated with £ as := pLo TL. Their local expressions are 

^V = x" , Tl\^ = y^ , JX*p^ = || , yC*p = £-v^§^ 
J^C*x" = , J^C*y^ = y^ , J^C*p'X = 
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Then, {J^E, Qc) is a regular Lagrangian system if J^C is a local diffeomorphism (this definition 
is equivalent to that given above). Elsewhere {J^E,^c) is a singular Lagrangian system. As a 
particular case, {J^E, Qc) is a hyper-regular Lagrangian system if J^C is a global diffeomorphism. 
A singular Lagrangian system (J^E, Qc) is almost-regular if: V := !FC{J^E) is a closed submanifold 
of J^*E (we will denote the natural imbedding by jq:V ^ J^*E), TL is a submersion onto its 
image, and for every y G J^£', the fibres TCr^{TL(y)) are connected submanifolds of J^E. 

In order to construct a Hamiltonian system associated with {J^E,ilc), first, recall that the 
multicotangent bundle A'^T*E is endowed with canonical forms: G i7'"(A™'T*ii^) and the mul- 
tisymplectic form ft := -d0 G {A'^T* E) . But Mtt = Af T*^ is a subbundlc of A"'T*E. 

Then, if A: Af T*£; ^ A"'T*E is the natural imbedding, 6 := A*0 and Q. := -dG = X*Q. axe 
canonical forms in Mn, which are called the multimomentum Liouville m and (m + 1) forms. 
Their local expressions are 

e=p'Xdy'^ Ad'^-^Xa+pd'^x , Q = -dp'X A dy^ A d'^'^Xa - dp A d^x (13) 
Observe that J^C 6 = @c, and J^C ft = Qc- 

Now, if {J^E, ftc) is a hyper-regular Lagrangian system, then V := J^C{J^E) is a 1-codimensional 
imbedded submanifold of Mir (we will denote the natural imbedding hy jq'.V ^ A^tt), which is 
transverse to the projection /i, and is diffeomorphic to J^*E. This diffeomorphism is when p 
is restricted to P, and also coincides with the map h := J^C o J^C^^, when it is restricted onto its 
image (which is just V). This map h is called a Hamiltonian section, and can be used to construct 
the Hamilton-Cartan m and (m + 1) forms of J^*£' by making 

@h = h*een"'{J^*E) , f^;, = G l2"*+^(ji*S) 

and the couple { J^* E,fLh) is said to be the Hamiltonian system associated with the hyper-regular 
Lagrangian system [J^ E,fl£). Locally, the Hamiltonian section h is specified by the iocai Hamil- 
tonian function H = p'X{J^C-^)*v^ - {J^C-^)*£, that is, h{x°',y^,p'X) = {x°',y^,p% -H). Then 
we have the local expressions 

Oh = p'Xdy^ A d'^-^xa - Hd'^x , = -dp'X A dy^ A d'^-'^Xa + dH A d'^x 

Of course J'C*Qh = &c, and = Uc. 

The Hamiltonian problem associated with the Hamiltonian system {J^*E, ftfi) consists in finding 
sections G r(M, J^*E), which are characterized by the condition 

tp* i{X)fth = , for every X G X{J^*E) 

In natural coordinates, if ■ip{x) = {x"' ,y^{x),p')^^{x)), this condition leads to the so-called Hamilton- 
De Donder-Weyl equations 



dy^ 




dH 




dpA 


dH 






dpA 









The problem of finding these sections can be formulated cquivalcntly as follows: finding a distri- 
bution D of T{J^* E) such that D is integrable (that is, involutive), m-dimensional, f^-transverse, 
and its integral manifolds are the sections solution of the above equations. This is equivalent to 
stating that the sections solution of the Hamiltonian problem are the integral sections of a class of 
integrable and f ^-transverse m-vector fields {Xy} C X"^{J^*E) satisfying that 



i{X-H)nh = , for every Xn G {Xn} 
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As in the Lagrangian formalism, we can also state the above problem in two additional equivalent 
ways: finding an orientable connection V-^ in f^- J^*E — > M such that 

i{^n)^h = (m - l)nh 

or an orientable jet field ^h- J'^*E J^J^*E, such that 

i{^H)^h = 

f^-transverse and locally decomposable m-vector fields, orientable jet fields and orientable connec- 
tions which are solutions of these equations are called Hamilton-De Donder-Weyl (HDW) m-vector 
fields, jet fields and connections for {J^*E, O/j). 



Their local expressions in natural coordinates are 



A/ 



a=l 



d 



d 



Aa 



d 
dpi 



dx" 



A. 



d 



d 



where / G C°°{J^*E) is a non- vanishing function, and the coefficients F^, are related by the 
system of linear equations 

. dH ^„ dH 



dp° 



Av 



dy^ 



Now, if ^(x) = {x" ,ip^{x),ip'\{x)) is an integral section of X-yi then 



dip' 

dXn 



G' 



Aa 



dip 



dx'^ 



which are the Hamilton-De Donder-Weyl equations for il). As above, a representative of the class 
{X} can be selected by the condition i{X){f^*uj) = 1, which leads to / = 1. 

The existence of classes of HDW m-vector fields, jet fields and connections is assured, and in a 
local system of coordinates they depend on N{m? — 1) arbitrary functions. 

In an analogous way, if {.J^E,flc) is an almost-regular Lagrangian system, the submanifold 
Jo- 'P ^ J^*E, is a fiber bundle over E (and M). The corresponding projections will be denoted by 
Tq-.V ^ E and fg : "P — M, satisfying that t^ojq = Tq and f^ojQ = Tq. In this case the /U-transverse 
submanifold V ^ Aiir is diffeomorphic to V. This diff'eomorphism is denoted p,: V ^ V, and it 
is just the restriction of the projection fi to V. Then, taking h := jl 



r,-l 



FCn o FCn 



..Q o J- L,Q , (where 



J^jCq and J^Cq are the restriction maps of J^C and J^C onto V and V, respectively), we define the 
Hamilton-Cartan forms 

el = ijoohr@ ; ^^^ = (Joo/l)*^^ 

which verify that TCqG^ = Qc and J^C^n^ = Qc- Then {J^*E,P,nl) is the Hamiltonian system 
associated with the almost-regular Lagrangian system {J^E, ftc), and we have the following diagram 



J^E 




J^*E 



(14) 



M 
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The Hamiltonian problem associated with the Hamiltonian system {J^*E, V, ) is stated as in 
the regular case, and the sections i/jq G ^{M, V) solution of the Hamiltonian problem are the integral 
sections of a class of integrable and rd-transverse m- vector fields {X-^^} C X"^{V) satisfying that 



As above, this is equivalent to finding an orientable connection V-Ho in Tq : 7-" — *■ M such that 



Now, not even the existence of these Hamilton-De Bonder- Weyl m-vector fields, jet fields and con- 
nections for (J^*E, V, ri^) is assured, and an algorithmic procedure in order to obtain a submanifold 
PofV where such m-vector fields, jet fields and connections exist, can be outlined. Of course, in 
general, the solution is not unique, but the number of arbitrary functions is not the same as above 
(it depends on the dimension of P). 

3 The field operators 

3.1 Sections along the Legendre maps in field theories 

First remark that for multivector fields along maps the terminology introduced in Section 2.2 will 
be applied in a natural way. Thus, for instance: 

• If ^ is a m-vector field along $, it is locally decomposable if, for every p A, there exists 

an open neighbourhood Up C A, and Xi, . . . , X^, vector fields along such that X = 

Up 

X\ A ... A Xyji. 

• li X, X' are non- vanishing multivector fields along and U C ^ is a connected open set, 
then X ^ X' \i there exists a non-vanishing function / G C°°(C/) such that X' = fX. 

Now, let tt: E ^ M he the configuration fiber bundle of a Lagrangian system {J^E, ^c)- The 
case we will consider consists in taking A = J^E, B = Mir, and $ = TC. 

Definition 2 1. A m-vector field along J^C is a map X: J^E A'^TTWtt such that 

(TMn ° X = J- L 

where oj^T^-.t^^M'K Mtt is the natural projection. 
2. A jet field along J^C is a map y-. J^E J^Mir such that 



i{XnM = 



for every Xn„ G {Xuo} 
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3. An Ehresmann connection form along J-jC is a map V:J^E ^ (f ^ o /x)*T*M TA^TT such 
that 

KM-K o V = TC 

where km-it- {f^ ° /i)*T*Al7r TMtt — > Mtt is the natural projection, and satisfying that 

i{V)S = s 

for every (f^ o ij,)-semibasic 1-form S along T L. (Observe that V is a (l,l)-tensor field along 

Recall that a 1-form E along is (r^ o /x)-semibasic if, for every Z G 

y G J^£', we have that i{Z~ .){S{y)) = 0. In particular, if ^ G ^2^(A^7^) is a (r^ o |Lt)-semibasic 

-'^\y) 

form, then H := ^ o TL is a (r^ o /i)-semibasic 1-form along TL. 

So we have the diagrams 




MM M 



In the same way as classes of locally decomposable and transverse m-vector fields in a fiber 
bundle are associated with orientable jet fields and connections [18], we have an analogous result 
in the current situation. In fact: 

Theorem 1 Classes of locally decomposable and {f^ o fi) -transverse m-vector fields along TL are 
in one-to-one correspondence with jet fields along TL, and hence with Ehresmann connection forms 
along T L. 
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( Proof ) Bearing in mind (7), in the current situation we have the diagram 

f (g) T(t^ o h) 



7r*T*M(8)E TE 



(r^ o n)*T*M ®M-K TA^TT 



{A"'T(rio/,)} 



£>™T7W7rC {A^TXvr} 



J^Mtt 



J'E 



Mtt 



Mt: 




T O fJL 



hJ^TE 



A"^T(ri o 




(15) 



(where the natural projection f T(r^ o is defined in a similar way to r (g) Ttt^ in (8)). 

Now, if {X}:J^E —>■ D"^TMn C {A™TA^7r} is a class of non-vanishing, locally decomposable 
and (r^ o /i)-transverse m-vector fields along !F£, then from this class {X} we obtain = T'jvj^ ° 
{^}, and conversely, from a jet field y along J^C we construct {A"} = Tmtt ° 3^- In the same way, 
from the class {X} we obtain V^r = '^Mn ° {'^}-> conversely, from an Ehresmann connection 
form V along J^C we construct {X} = T^^~^ o V. ■ 

The local expression of a representative of the class {X} of non-vanishing, locally decomposable 
and (f^ o /i)-transverse m-vector fields along J^C, and its associated jet field y^ and connection 
form along J^C are 



d 



yx 



d£ 



ft p 



(16) 



Vx = (dx"oJF£) 



f 9 



d 



\dx' 



d 



Now, let {X} be a class of non- vanishing, locally decomposable and (r^ o /i)-transverse m- 
vector fields along TC, let yx'- J^E J^M.'k be its associated jet field along J^C, and V x'- J^E — > 
(f^ o /Li)*T*M (8>A^7r TA^TT its associated Ehresmann connection form along TC. Then bearing in 
mind the commutativity of the diagram (15) (see also (18) below), and the relations among these 
elements, we have 



j\T^ on)oyx = o {A"^T(ri o /x)} o {X} = T^^ o T'^-' o f T{r^ o ^) o V 
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li X: J^E ^ A'^TMtt is a representative of the class {X}, introducing 

QE := o {A-T(ri o ^)} o pMn = T^' o pE o A™T(ri o /x) 

we have that 

o {K^T{t^ o ^)} o {X} = o {K^T{t^ o^l)}opM^oX=~QEoX 
from the above equality we obtain 

/(r^ op)oyx = QEoX = T-E^o T'jf^ of® T(r^ op)oV 



(17) 



Definition 3 y;^; its equivalent V x, cmd their associated class {X} are said to be semi-holonomic 

if 

o T'e'^ o t ® T(t1 o /x) o V = o {A^T{t^ o ^)} o {X} = /(r^ o /x) o = Ujie 
If X € {X} is a representative of this class, then the above condition leads to 

QeoX = Id JIB 
and X is a semi-holonomic m-vector field along !FL. 



In this case, we have completed the diagram (15) as follows 

f (g) T(t^ o p) 



Tr*T*M(SiE TE 



PE 



A^TE 



^E 



J^E 




(f 1 o /x)*T*M (g)A^7r TAItt 




A"^T(ri o /x) 



J^Mtt 



TT 



Mtt 



Mtt 




(18) 



In order to obtain the corresponding local expressions, consider natural charts of adapted co- 
ordinates {x°',y^,v^) and {x"' , , p% p) , in J^E and Mtt respectively, and the induced chart 

T-l -1 

{x°',y^,p%p;fa^g\a^ha) in J^Mtt. Let y G J^Mtt with yiAyM-x. If^:M^ A^tt is a 
representative of y, then t/;(x) = y, and 



y = (x",y^,pl,p) = (x°,V^(x),V2(x),V(x))=V(x) 
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Now we can construct the section oijj-.M ^ E, which is a representative of the point y G J^E, 
such that y ^ y X . Thus 

y^[x'^,yA,vi)=L'^,^^{x),^{x)\^\j\T^O^)]{x) 



On the other hand, recall that the map j^r^ is defined by J^T^(y) := [j^(t^ o -(/>)] (x), for every 
section ip. Therefore, since j^T^(y) = y, we conclude that 



As a consequence, if 3^ is a jet field along J^C, the condition of being semi-holonomic is locally 
equivalent to demanding that 



A tA\ 



{x^,y^,v^) ^ y = {j'T'oy){y) ^ {j'T'oy){x^,y^,v^) = (j o 3>) (x„,^^(a;), ^{a 



= (x",i^^{x),^{x)^={x-,y^J^) 

that is, = (in (16)). 

Now, the generalization of the integrability conditions (1) and (5) to the current situation leads 
to the following: 

Definition 4 Let X be a non-vanishing and locally decomposable m-vector field along TL. A 
section ip:M^ J^E is said to be an integral section of X if 



A'"T(jr/: o(p) = fx o(poaM 



(19) 



where f G C°°{J^E) is a non-vanishing function. X is said to he integrable if it admits integral 
sections. Thus, we have the diagram 




Mtt 



X is said to be holonomic if its integral sections are holonomic, that is, (p = j^cf) for some section 
^E. 



Observe that we are characterizing the integrability of the entire class {X}. Note also that this 
definition of integral section is equivalent to stating that the image of the section (p = TL o^p-.M^ 
A^TAlvr is an integral submanifold of the distribution ^{X); that is, T<^(a;) (Im (^) = [D{X)],p(^x)j foi' 
every x G M. Finally, it is important to remark that, if a m-vector field along J^C is not integrable 
everywhere in J^E, it could be integrable on a submanifold I ^ J^E (see the comment at the end 
of Section 2.3). 
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Remark: Of course, a class {X} of m-vector fields along J^C is integrable (resp. holo- 
nomic) if, and only if, its associated jet field and connection V along J^jC are also. 

In addition, the class {X} and its associated jet field y and connection V are holonomic 
if, and only if, they are integrable and semi-holonomic (see the proof for multivector 
fields, jet fields and connections in jet bundles in [18]). 

In a system of natural coordinates, if (p{x) = {x", f'^ix), (f^^x)) is an integral section of X (see 
(16) for its local expression), then the following system of partial differential equations holds 

/.^(x^^^(.),^?(.)) = ^ 

g^^{x ,cp [x),ipp{x)) - ^_^ + ^-^^ + ^-^^ (20) 



h (x^ ^^(x) ^9(x)) = d£ d^dp^_ , J^^^d^ ^^d^\ 
na[x ,ip yx),^p yx)) + ip^ \dx'^dv^ ^ dy^dv^ Ox" ^ dv^dv^ dx'- J 

In particular, if ip is holonomic and <p = j^(f) with (f){x) = (x", ^"^(x)), then p"^ = 0"^, and ip'^ = 

— — . Therefore the above system is second order. 

5x" 

As a final remark, we define the contraction of jet fields along J^C with differential forms along 
J-C, as a natural extension of the same operation between jet fields and differential forms in a jet 
bundle. Thus, let 3^ be a jet field along J^C, then to every Z £ X(M) we can associate a vector 
field Z along J^C, which is given by 

Z{y) := (T,V)(^x) 

for every y G J^E, with y ^ y x, and i/j G y(y). li Z = F"— — the local expression of Z is 

ax" 



9x" ; \dy^ ) \dp\ ) \dp 



Definition 5 Let S he a {m + p)-form along TL (with p > 0), then i{y)S is an element of 
fi'^{M, o OP{Mtt, TL) defined as 

\{i{y)E){y\ Zi,... ,Zm; Xi,... ,Xp) := S{y;Zi, . . . ,Zm,, Xi,... ,Xp) 

for Zi, . . . , Zjji G X{M), and Xi,. . . ,Xp vector fields in M.'k along TL. 

This map is extended by zero to forms of degree k < m, and it is a (M) -linear and alternate 
on Zi, . . . , Zjji and Xi, . . . , Xp. 

Remark: Observe that contracting a form S along !FjC with a jet field y along !FjO is 
equivalent to contracting S with a (suitable) representative of the class {X} of m-vector 
fields along J^C associated with y. 



As is evident, all the definitions and results in this section can also be stated in a similar way for 
m-vector fields X along the restricted Legendre map J^jO, and orientable jet fields y and connection 
forms V along J^C 
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3.2 The extended field operators 

Let {J^E, Clc) be a Lagrangian system. Then: 

Definition 6 1. An extended m-vector field operator IC associated with {J^E,ft/^) is a map 
K,: J^E — ^ K^TM-TT verifying the following conditions: 

(a) (Structural condition): IC is a non-vanishing, locally decomposable and (f^o/j,) -transverse 
m-vector field along TC 

(b) (Field equation condition): TC*[i{K:){n o JX)] = 0. 

(c) (Semi-holonomy condition): IC is semi-holonomic. 

2. An extended jet field operator associated with {J^E,D,c) is a map y/c'-J^E — > J^Mtt 
verifying the following conditions: 

(a) (Structural condition): y^c is an orientable jet field along TL. 

(b) (Field equation condition): ^*[i{y,c){^ o ^)] = 0. 

(c) (Semi-holonomy condition): y)c is semi-holonomic. 

3. An extended connection operator Vx: associated with {J^E, Clc) is a map Vx,' J^E — > (r^ o 
/i)*T*M ®M-K TA^TT verifying the following conditions: 

(a) (Structural condition): Vjc is an orientable Ehresmann connection form along TL. 

(b) (Field equation condition): ^*[i(Vi^)(n o TL) - (m - 1)(J2 o TL)\ = 0. 

(c) (Semi-holonomy condition) : Vx: is semi-holonomic. 

Remark: Note that the field equation condition of the first item in this definition 
defines not a single m-vector field along J^jC, but classes of them. A representative can 
be selected by adding the following normalization condition 

i{IC)[if^ OfJ,)*UJO^)]=l (21) 

which, in its turn, implies the (f ^ o /x)-transversality condition. 

Theorem 2 A class of extended m-vector field operators IC is associated with an extended jet field 
operator yic and an extended connection operator Vyc, and conversely. 

( Proof ) It follows from Theorem 1. The only point to be proved is the equivalence between the 
field equation conditions, which follows after a simple calculation in coordinates, using the local 
expressions (16). ■ 



Theorem 3 (Existence and local multiplicity There exist classes of extended m-vector field 
operators IC for {J^ E,Qc), and hence there exist also extended jet field operators yjc and extended 
connection operators V/c- In o, local system, they depend on N{m'^ — 1) arbitrary functions. 
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( Proof ) First we analyze the local existence, and then their global extension. 



Let y = G J^E, and y = {y,Xy) € A"'TMtt (where y = € TMtt 

and Xy G A"^TyA^7r), such that lC{y) = y. First, the equation gm-k o K, = TL in condition 1 
implies that y = TC{y), thus 



Pec 



, p=£-v^ 



On the other hand, from condition 1, Xy is a locally decomposable and (r^ o//)-transverse m-vector 
at y, hence 



d 



a=l 

In this way we can write 

d 



+ fa{y) 



d 



d 



d 



d 



dp". 



dp 



Now, the semi-holonomy condition implies that = v^- 
Next, taking into account (13), we have that 

^*[i{K:){no^)] = (-ir("*+i)/2F^*[-i;^(dp^o^)-(dpo^) + 52^(d/o^) 



d£ \ 



5Aa 



(^_l^m(m-l)/2 p 



dy^ 



and then, from the field equation condition we obtain 

di 

dx' 



dy' 



(22) 



Finally, if we apply the normalization condition (21), we can choose F = 1. In this way we have 
obtained, for this representative, the local expression 



^ = A 



a=l 



f 9 



\dx<^ 



oJ^C] +v, 



f 9 



\dy' 



_d_ 

dp A 



d£ 



dp 



(23) 



So, /C is determined by the Nm^ coefficients g\^^ which are related by the first group of iV inde- 
pendent equations (22). Therefore, there are N(jr? — 1) arbitrary functions. 
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These results allow us to assure the local existence of classes of extended m- vector field operators 
fC satisfying the desired conditions. The corresponding global solutions are then obtained using a 
partition of unity subordinated to a covering of J^E made of local natural charts {Ui}. Then, let )Ci 
be the field operator in the corresponding open set Ui. As every local class {/Cj} is associated with 
a local Ehresmann connection form Vjci along J^C (by Theorem 2), and the convex combination of 
connection forms gives a connection form, Vx; = g^^Ki is a (global) Ehresmann connection form 
along TC which is associated with the corresponding class. The class {A^} associated with V^: is 
the global solution. In an analogous way, taking into account the affine structure of the fibers of 
J^MiT, it\s meaningful to construct convex combinations of sections yK.ii so we can define a global 
jet field y^. ■= g^yKi along associated with the class {K,}. 

These elements satisfy the conditions of Definition 6. In particular: 



• The classes {K,} are made of non-vanishing, locally decomposable and (r^ o /i)-transverse 
m-vector fields along J^C, since they are associated with orientable jet fields and connections 
along J^C. 

• The field equation condition holds for every /C, because it holds for every K,i, and is a linear 
combination IC = pICi. As a consequence, the equivalent field equation conditions hold for 
Vfc and yic- 

• The semi-holonomy of IC is proved starting from the semi-holonomy of ICi, and using that 
{/C} is associated with y^ := g^yici, which is semi-holonomic because so are yici- ■ 



Remarks: 



• Observe that the existence of these extended field operators does not depend on the regularity 
of the Lagrangian system. 

• The class K. (and hence the associated y/c and^V^) isjiitegrable if Definition 4 holds for it. 
Observe that, if K., and hence the associated yic and Va: are integrable, they are holonomic, 
since they are semi-holonomic. 

Among the multiplicity of extended field operators, we will mainly be interested in those which 

x^,(j)^, ^ ^ j is an integral section, 

then = , and from (20) and (22) we obtain that (j) must be a solution of the following 

system 



which are just the Euler-Lagrange equations for <p (see Theorem 5 for a precise statement of this 
comment). 

In general, we know there is no way of assuring that this system is integrable in J^E (even in 
the hypcr-rcgular case). In the most favourable submanifold Z ^ J^E could exist such 

that there are (classes of) integrable m-vector field operators /C on X wich are tangent to J. As a 
consequence, the above system is integrable on I and the corresponding integral sections solution 
are in I. (See also [18] and [19] for a discussion of the integrability of multivector fields). 
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3.3 The restricted field operators 

In field theory there is another kind of field operator which can be defined, and which is justified 
because the multimomentum bundle where the Hamiltonian formalism of field theories takes place 
is really J^*E, instead of Alvr, and hence, in this case, the relevant Legendre map is J^C instead of 



Definition 7 1. Given an extended m-vector field operator K, the restricted m-vector field op- 
erator K, associated with K. is 

/C := A™T/i o it 

2. Given an extended jet field operator y^c, the restricted jet field operator y^c associated with 
yK is _ 

yK. ■= j^i^ ° yK 

3. Givenan extended connection operator Vjc, the restricted connection operator Vx: associated 
with Vyc is 

Vx; := (r^ «) T//) o V^^ 



So, we have the diagrams 
A"*T/i 




J^E 




J^J^*E 



(f 1 o /x)*T*M (g)jvi7r TMtt 



TT 



J'*E 



J'E 




T/x 



1*; 



J^*E 



(where the natural projection (g) T/x is defined in a similar way to r (g) Ttt^ in (8)). 

The restricted field operators, IC, y^,, and Vx: are m-vector Gelds, jet Gelds and Ehresmann 
connection forms along the Legendre map TL, respectively. In particular, it is obvious that every 
restricted m-vector field operator K. is non-vanishing, locally decomposable and r^-transverse. 

Remark: In an analogous way to Theorems 1 and 2, we can prove that for every 
class of extended m-vector field operators {/C}, and its associated yjQ and V^:, the 
class of restricted m-vector field operators {/C} := {A^T//} o {/C} is associated with 
yK = j^l^ o y^:, and Vx: = <8) T/x o Vjc- 

Proposition 1 1. {/C} and its associated yjc and V/c are semi-holonomic. 

2. K is integrable if, and only if, the corresponding IC is also. That is, ip-.M^ J^E is an integral 
section of {/C} if, and only if, it is an integral section of {/C} too. 



3. y^c and Va: are integrable if, and only if, the corresponding y^. and Va: are also. 



( Proof) 
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1. For every /C G {/C}, and K, = A"*T/x o /C, we have that 

opEO A"»Tr o}C = T^^opEO A"*Tt o A"*T/x o ^ = T^^ o p^; o A™T(r o ^) o iC = Ujie 

2. Let M — > J^£^ be a section. We have 

K^TJ^C o K^T^ = A"'T(/x o ^) o A^'Ttp = A'^T/x o K^T^ o K^T^ 
and, on the other hand, for every K, G {ft}, and /C = A"*T/x o ^, we have: 

JCo ipo aM = A"*T/Lt o JCo ipo aM 
therefore, if / € C°°{J^E) is a non-vanishing function, then 

Conversely, if the last relation holds, then the first one is true for some non-vanishing function 
g € C~(Ji^). 

3. It is a straighforward consequence of all the above results. ■ 



The coordinate expressions of these elements are 

m 



dx 



dp A 



ore 



d£ 



(dx" o J^C) 



A V 
QyA--''<^-9A.. 

d 



oJ^C]+v, 



d 



oJ^L 



(24) 



with the same relation as above for the coefficients g\^. Of course, the normalization condition 

i{IC)[f^*uoTC)] = 1 

allows to take F = 1, and selects a representative on each class {JC} of restricted field operators. 
This implies f^-transversality condition for IC. 



Remark: In the particular case M = M, the expressions (22), (23) and (24) lead 
to the local expressions of the extended and restricted X-operators of time-dependent 
mechanical systems given in [8]. 



4 Properties of the field operators 
4.1 The Lagrangian equations 

Next we study the properties of the field operators in relation to the Lagrangian equations. As we 
have stated three different but equivalent approaches to the concept of field operator (namely jet 
fields, Ehresmann connection forms or classes of m- vector fields along the Legendre maps), we use 
the most suitable in each case, in order to make the proofs easier. 

The result (in mechanics) that we want to generalize is relation (2) (on a submanifold 5 ^ TQ). 
Thus, we have the following relation between the field operators and the solutions of the Lagrangian 
field equations (Euler-Lagrange jet fields, multivector fields and connections): 
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Theorem 4 Let {J^E, flc) be a Lagrangian system. 

1. Let be an extended jet field operator associated with {J^E,^jr). If there exist a jet field 
^C- J^E J^J^E, and a it^ -transverse submanifold }s- S ^ J^E, such that 

j^Tlo^i^ = y^ (25) 
then is an Euler- Lagrange jet field for {J^E, O^c), on S. 

Conversely, given an Euler- Lagrange jet field for {J^E,Q,c), then (25) defines an extended 
jet field operator y^c for {J^E, i^c), on S. 

2. Let {/C} he a class of extended m-vector field operators associated with {J^E, 0,jr,). If there exist 
a class of m-vector fields {Xc} C X^{J^E), and a it^ -transverse submanifold ]s- S ^ J^E, 
such that, for every IC £ 

A^TJ^ oXc = JC ; for some Xc G {Xc} (26) 

s 

then {Xc} is a class of Euler-Lagrange m-vector fields for {J^E,Qc), on S. 

Conversely, given a class of Euler-Lagrange m-vector fields {Xc} for {J^E,Q,c), then (26) 
defines a class of extended m-vector field operators {1C\ for {J^E,Q,c), on S. 

3. Let Vx; be an extended connection operator associated with {J^E, ^c)- If there exist an Ehres- 
mann connection form V c- J^E 7f^*T*M ^jie TJ^E, and a TT -transverse submanifold 
}S- S ^ J^E, such that 

(£T*M ® T^) o V£ = VxJ (27) 

(where eT*M:7f^*T*M —i- (f^ o /7,)*T*M is the natural identification), then Vc is an Euler- 
Lagrange connection for (J^E, Qc)j on S. 

Conversely, given an Euler-Lagrange connection Vc for {J^E,Q,c), then (27) defines an 
extended jet field operator Vic for {J^E,Q,c), on S. 



( Proof ) First, as a guideline for the proof, consider the following diagram (which, in general, is 
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not commutative unless restricted to the appropriate submanifols): 




1. We must prove that both the semi-holonomy condition, and the field equation condition hold 
for if, and only if, they hold for ^c- Iii this proof all the equalities hold on S. 

On the one hand, and in relation to the semi-holonomy, we have that 

which relates the semi-holonomy of y^c and <p£. 
On the other hand, for the field equation we obtain 

hence the field equation condition holds for y^c if, and only if, the Lagrangian field equation 
holds for 

2. Bearing in mind the commutativity of the diagram (28) (on the appropriate submanifolds) , 
from (25) wc obtain that 

^ Tm. o j'Tl o Tjl^ o {Xc} = K^^Tl o {Xc} = {ic} 

IJ 

which leads to the relation (26), for every representative Xc € As {/C} is the class 

associated with y/c, it is made of semi-holonomic m- vector fields along J^C In addition, 
following the same reasoning as in the above item, it is proved that all of them verify the field 
equation condition. 

3. Finally, following the same pattern as in the last item, (25) leads to (27), and as Va: is 
associated with yjc, it is semi-holonomic. In addition, following the same reasoning as in 
item 1, it is proved that it verifies the field equation condition. ■ 



A. ECHEVERRIA et al, On the construction of IC-operators in Geld theories.. 



26 



Comment: Observe that relations (25), (26) and (27) arise because the commutativity 
of diagram (28) demands it. 

As a straighforward consequence of this Theorem, and the Remark after Definition (7), we 
obtain: 

Corollary 1 If relations (25), (26) and (27) hold for the extended field operators, then the following 
ones hold for their associated restricted field operators: 

IJ 

K!^TJ^C o X£ = /C ; for every /C G {/C}, and for some Xc G {Xc} 

s 

(£t*m O Tjr/:) o V£ = Vk ; {with £T*M--Tt^*T*M ^f^*T*M) 
s 

Then, assuming all these relations, we have: 

Theorem 5 (p: M S ^ J^E is an integral section of {/C} if, and only if, it is an integral 
section of {Xc} too. Moreover, every integral section ■= ]s ° "-Ps is an holonomic section. That 
is, the class {K,}, and its associated yjc and Va: are integrable if, and only if, the class {Xc}, and 
its associated yc and Vc o,re integrable too. 

The same result holds for the extended field operators {K,}, y^c and Vic- 

( Proof ) If 93: M S ^ J^E is an integral section of A^^ G {/C} (on 5), we have 

K^T{J^C 0^)= K^TJ^C o K^T^ = //C o ^ o aju = f{X^TJ^C oXc)o<poaM 

where / G C°°{J^E) is a non-vanishing function. However, if we recall that ker T^(^^^!FC are 
TT^-vertical vectors, and then also 7f^-vertical, from the above equality we can conclude that 

A'^Tip = gXc o ipo GM 

g G C°°{J^E) being another non- vanishing function. So ^ := ]s ° is an integral section of 
Xc € {Xc} (on S). The converse is proved by reversing this reasoning. 

As if are integral sections of semi-holonomic m-vector fields, they are holonomic sections nec- 
essarily. 

Finally, the result for the extended field operators is a consequence of Proposition 1. ■ 
Remarks: 

• If {J^E, Q.c) is hyper-regular (recall that, in this case, J^C is a diffeomorphism onto its image, 
and J^C is a diffeomorphism), then S = J^E, and the correspondence between field operators 
and the corresponding Euler-Lagrange solutions of the Lagrangian field equations is one-to 
one. 

If {J^E,Qc) is almost-regular, then not only one, but a family of Euler-Lagrange solutions 
of the Lagrangian field equations is associated with every field operator. 

• In addition, if the integrability condition holds only in a submanifold I ^ S, Theorem 5 
holds only on T. 

Observe also that this Theorem establishes the property analogous to the first one given in 
Section 2.1 for the evolution operator K in mechanics. 
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4.2 The Hamiltonian equations 

Now we will study the properties of the field operators in relation to the Hamiltonian equations 
(see the Section 2.4 for the necessary background). 

The result (in mechanics) that we want to generalize is relation (4) (on a submanifold S ^ TQ). 
Thus, wc have the following relation between the field operators and the solutions of the Lagrangian 
field equations (HDW jet fields, multivector fields and connections): 

Theorem 6 Let {J^E,Q,c) he an almost-regular Lagrangian system, and {J^*E,V,0,^) its associ- 
ated Hamiltonian system. 

1. Let he an extended jet field operator associated with {J^E,^}c)- If there exist a jet field 
^Ho- ^ ~^ J^V, and a 7t^ -transverse suhmanifold J5: S ^ J^E, such that 

j^jooj^hoWn,oT£o = y,C (29) 

then ^-Ho is a Hamilton-De Donder-Weyl jet field for {J^*E,V,nl), on P = J^C{S). 

Conversely, given a Hamilton-De Donder- Weyl jet field ^-h^ for {J^*E, V, i^^), on a suhman- 
ifold P ^ V, then (29) defines a jet field yjc along T L, on every suhmanifold S ^ J^E such 
that TC{S) = P, which satisfy the structural and the field equation conditions of Definition 
6, hut not the semi-holonomy condition necessarily. 

2. Let {JC} he a class of extended field operators associated with {J^E,Q,c). If there exist a class 
of m-vector fields {X-^^} C 2i"^{V), and a it^ -transverse suhmanifold js- S '-^ J^E, such that, 
for every K, G {iC\, 

A"'TjooA^ThoXn„oJ^Co = K: ; for some G {X^ J , (30) 

then {Xt-i^} is a class of Hamilton-De Donder-Weyl m-vector fields for {J^*E,V,^l^), on 
P = J^C{S). 

Conversely, if{X'n^} is a class of Hamilton-De Donder-Weyl m-vector fields for {J^* E,V,^^), 
on a suhmanifold P '-^ V, then the above relation defines a class of m-vector fields {K,} along 
J-C, on every suhmanifold S ^ .J^E such that TC{S) = P, which satisfy the structural and 
the field equation conditions of Definition 6, hut not the semi-holonomy condition necessarily. 

3. Let Vac he an extended connection operator associated with { J^E,^lc). If there exist an 
Ehresmann connection form V-Ho-'P ~^ fQ*T*M ®-p TV, and a it^ -transverse submanifold 
J5: S ^ J^E, such that 

(4* M ^ Tj^>Co) o o J^Co = (31) 

(where ^*j^:fQ*T*M — > (f^o/x)*T*M is the natural identification), then V-Ho Hamilton- 
De Donder-Weyl connection for {J^*E,T',nl), on P = J='C{S). 

Conversely, given a Hamilton-De Donder-Weyl connection V-^^, for (^J^*E,V,0,^), on a suh- 
manifold P ^ V, then the above relation defines an Ehresmann connection form Vx; along 
T L, on every suhmanifold S ^ J^E such that TC{S) = P, which satisfy the structural and 
the field equation conditions of Definition 6, hut not the semi-holonomy condition necessarily. 

If {J^ E,Qc) is a hyper-regular Lagrangian system,, and (J^*E,Qh) its associated Hamiltonian sys- 
tem, then the same results hold (with S = J^E). In the converse statements however, the jet field 
yjC, Ehresmann connection form V/c, o,nd classes of m-vector fields {/C} along also satisfy also 
the semiholonomy condition, and hence they are extended field operators for {J^E,Q,c)- 
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( Proof ) First we prove item 2. As a standpoint, consider the following diagram, (which, in 
general, is not commutative unless restricted to the appropriate submanifols) (see also diagram 
(14)): 



A' 




Then we have that 

= TCl{{% o ^)*[z(A-T(jo o h) o Xn„ o J^jCo){n o ^)]} = TC*S{XnM] 
where all the equalities hold on S. But, as TCq is a submersion, we obtain that 

^*[i{ic){no^)] = o ^ iiXnM = o 

hence the field equation condition holds for K. on S if, and only if, the Hamiltonian field equation 
holds for X'H^ on P. 

The proof of items 1 and 3 follow the same pattern as the proof of items 2 and 3 of Theorem 4. 

For hyper-regular systems, the proof of these properties is the same, but taking into acount 
that now V = J^*E, T = TC, and h = jo o h. In addition, the classes of HDW m-vector fields, 
HDW jet fields, and HDW connections are defined everywhere in J^*E. Thus, the only addendum 
is to prove that, if X-^ is a Hamilton-De Bonder- Weyl m-vector field for [J^* E,Q,h), then its 
associated m-vector field along TC, JC, is semi-holonomic. As X-}{ € X^{J^*E), by definition 
aji*E ° X-^ = Idji*E, then, recalling the definition of the map qe- A^TAItt J^E (see (17)), and 
taking into account that is a diffeomorphism, we have that 

g^o)C = A.'^Th oXnoJ='£ = TL'^ o aji*E oXuoTC, = Idjig 

which is the condition for K, (and hence for y^z and V^) to be semi-holonomic. That is, we have 
the following diagram 
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Comment: Observe that relations (29), (30) and (31) arise because the commutativity 
of diagram (32) demands it. 

As a straighforward consequence of this Theorem, and the Remark after Definition (7), we 
obtain: 

Corollary 2 If the relations (29), (30) and (31) hold for the extended field operators, then the 
following ones hold for their associated restricted field operators: 



(with the same restrictions in relation to the semi-holonomy condition). 

Then assuming all these relations, we have: 

Theorem 7 The class {K.}, and its associated yjc and Vk. o,re integrable if, and only if, the class 
{^Ho}) '^f^d its associated y^i^ and integrable too. In particular: 

1. Let TCs-S —fPbe the restriction of TCq to S (that is, jq oTCs = TL^ °ls)- If ^' M 

S "— > J^E is an integral section of {/C} on S, then ipo'.M P ^ V is an integral section 
of {X-}i^} on P, where ijjp := T Ls ° ^s- 

2. Conversely, if tpo- M -^-^ P ^ V is an integral section of {X-}^^} on P, then the section 
(p: M S > J^E , is an integral section of {/C} on S, for every ips- M — > S C J^E such 
that ipp = J-Cs o LPs. 

The section cps, and hence ^ ■= is ° fs, o,f^ holonomic if, and only if, the class {/C} is 
semi-holonomic (and hence is a class of field operators). 

The same result holds for the extended field operators {iC\, y^, and Vjc- 



for every K G {/C}, and for some Xt-i^ G {^Ho} 
(with 4.^:fo^*T*M ^ fi*T*M) 
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( Proof ) If the system is almost-regular, consider the diagram 

A'"T(JP£ o if) 



A-TM ^"'^(•^-^0°^), A-TP ^"^T7o 




(33) 



(where X-^^ denotes any extension of the HDW m- vector field solution on PtoV). 

1. Prom (19), ips'. M J^E is an integral section of /C G {/C} on S if, and only if, 

A™T(jo o :FCo o ^) = A™T(^£ o j5 o ^g) = fIC o is o o aM (34) 

Then on the one hand we have that 

A-T(JP£oj5 0(^5) = A-TjooA'"T(JP£ooj5 0(^5) 

= A"^Tjo o A"^T(jp o J^Cs o ^s) = A'^Tjo o A'"T(jp o ^p) 

and on the other hand, 

fJCojsoipsoaM = /A"'Tjo o X-Ho o TCo o]s°Vs°cfm 

= fK^TjQ o Xu„ ojpo J^Ls o(psoaM = f^'^T^Jo o Xu„ ojpoippoaM 

where / G C°°{J^E) is a non- vanishing function. Hence, as jq is an imbedding, we obtain 
that (34) is equivalent to 



N^Til^o = A"^T(jp o ^p) = fXn^ ojpo^^poaM 
which is the condition for ^p to he an integral section of X-^^ on P. 



(35) 



2. The converse is proved by reversing the above reasoning. In addition, the sections ips and 
^ '■= J5°<^5 are holonomic if, and only if, they are integral sections of semi-holonomic m-vector 
fields along the Legendre map. 

If the system is hyper-regular the proof is analogous, but taking V = J^*E and J^Cq = J^l^- 

Finally, the result for the extended field operators is a consequence of Proposition 1. ■ 

And as an immediate corollary of this Theorem, we obtain the following characterization for 
the Hamiltonian sections: 
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Theorem 8 tpQ is a section solution of the Hamiltonian problem if, and only if the following 
relation holds for ip ■= jo ° '(po = Jo ° JP ° i^P' 

A'^TtP = fKo /(r^ o V) o (TM 

or, what is equivalent, if K, = A^T/i o /C, for := jq o h o ipQ we have 

K^T^ = fiCo j\T^ ono^)oaM 



( Proof ) Bearing in mind the commutativity of diagram (33) , and taking into account that (35) 
is the n.s.c. for to be an integral section of Xy^^, we have that 

A^TV^ = A™T(jooVo) = /A'"TjoX«„o V'O oaM = /A'"Tjoo X^„o^/:o 0(^0 aM 
= fICo if o aM = flCoj^cf) OGM = //C o/(t^ o ■0) o (Tm 

since if is holonomic and, by construction, = Tq o = "T"^ o 0, as the following diagram shows 




M 



The relation involving /C is immediate. ■ 
Remarks: 

• In both the almost-regular and hyper-regular cases, the correspondence between HDW solu- 
tions of the Hamiltonian equations and the corresponding type of extended field operator is 
one-to-one. 

• In addition, if the integrability condition holds only in a submanifold I ^ S, then Theorems 
7 and 8 only holds on I and !FC{X) (which is assumed to be a submanifold of P). 

• Observe also that Theorem 7, together with Theorem 5, establishes the equivalence between 
the Lagrangian and Hamiltonian formalisms. 

In its turn, Theorem 8 establishes the analogous property to (3) for the evolution operator 
K in mechanics. 

In the light of these results, the existence of a multiplicity of extended field operators is hardly 
surprising, since in Lagrangian and Hamiltonian field theories, solutions of the field equations are 
not unique. 
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5 Conclusions and outlook 

The generalization of the so-called evolution operator of the autonomous mechanical systems to 
field theories is achieved. Our geometric framework is the multisymplectic jet bundle description 
of these theories. 

First, the geometric characteristics of multivector fields, jet fields and connection forms along 
maps are stated (in the jet bundle context which is of interest to us) as a generalization of the 
corresponding ones for multivector fields, jet fields and connection forms in jet bundles. In par- 
ticular, the existence of one-to-one correspondences between (a)the sets of equivalence classes of 
non-vanishing, locally decomposable and transverse m-vector fields along the (extended) Legendre 
map, and (b)the sets of orientable jet fields and orientable connection forms along this map, is 
proved and used for establishing some geometrical characteristics of these objects. 

In this way, the extended field operators arc defined as sections along the extended Legendre map 
in three equivalent ways: as non-vanishing, locally-decomposable and transverse m-vector fields; as 
orientable jet fields; and as orientable connection forms along this map; all of them satisfying the 
conditions of being both semi-holonomic and a solution of a suitable field equation, which involves 
the multisymplectic canonical structure of the extended multimomcntum bundle of the theory. The 
existence of these field operators is proved and, as a relevant difference to mechanics, we also see 
that they are not uniquely determined (and these results do not depend on the regularity of the 
system). This is not a surprising fact, since solutions of field equations are not unique, even for 
regular field theories. 

Furthermore, the so-called restricted field operators are also defined starting from the extended 
ones. So they are non-vanishing, locally-decomposable and transverse m-vector fields, orientable 
jet fields, or orientable connection forms along the restricted Legendre map J^C 

As the first properties of the field operators, we show how solutions of the Euler-Lagrange 
and Hamiltonian field equations (jet fields, multivector fields and connections) can be generated 
from these field operators; and conversely, starting from these solutions the field operators can be 
recovered. In particular, we prove that the integral sections of the field operators are the section 
solutions of the Euler-Lagrange equations, whereas their images by the Legendre map are the 
integral sections of the Hamilton-De Bonder- Weyl equations. Furthermore, it is showed that these 
integral sections of the Hamilton-De Bonder- Weyl equations can be characterized using only the 
field operators. Of course, all these relations hold on the submanifolds where solutions of field 
equations exist. All these results establish the relationship between the solutions of field equations 
in the Lagrangian and Hamiltonian formalisms for (singular) field theories. 

In this way, the field operators are very efficient tools to unify the Lagrangian and Hamiltonian 
formalisms. 

It is interesting to point out that our field operators are covariant objects, and hence they are 
not "evolution operators" in any sense. In order to define these evolution operators a previous 
space-time decomposition must be carried out on the base manifold M of the theory. 

In further research works these field operators will be used for carrying out a deeper analysis 

of properties of these theories, in the same way as the evolution operator is used in mechanics. For 
instance, either to set the complete relation between the Lagrangian and Hamiltonian constraint 
algorithms arising for almost-regular field theories, or to study the existence and characterization 
of symmetries. 



A. ECHEVERRIA et al, On the construction of IC-operators in Geld theories.. 



33 



Acknowledgments 

We acknowledge the financial support of the CICYT BFM2002-03493. We wish to thank Mr. Jeff 
Palmer for his assistance in preparing the English version of the manuscript. We are also very 
grateful to Prof. X. Gracia for his enlightening comments and suggestions. Thanks to the referees 
for their constructive comments. 



References 

[1] C. Batlle, J. GOMIS, X. Gracia, J.M. Pons, "Noether's theorem and gauge trans- 
formations: applications to the bosonic string and CP2~^-model", J. Math. Phys. 30(6) 
(1989) 1345-1350. 

[2] C. Batlle, J. Gomis, J.M. Pons, "Hamiltonian and Lagrangian constraints of the 
bosonic string", Phys. rev. D 34(8) (1986) 2430-2432. 

[3] C. Batlle, J. Gomis, J.M. Pons, N. Roman-Roy, "Equivalence between the La- 
grangian and Hamiltonian formalism for constrained systems", J. Math. Phys. 27 (1986) 
2953-2962. 

[4] E. BiNZ, J. Sniatycki, H. Fisher, The Geometry of Classical fields, North Holland, 
Amsterdam, 1988. 

[5] D.E. Betounes, "Extension of the classical Cartan-form" , Phys. Rev. D (3) 29(4) (1984) 
599-606. 

[6] J.F. Carinena, "Section along maps in geometry and physics", Rend. Sera. Mat. Univ. 
Pol. Torino 54(3) (1996) 245-256. 

[7] J.F. Carinena, M. Crampin, L.A. Ibort, "On the multisymplectic formalism for first 
order field theories", Diff. Geom. Appl. 1 (1991) 345-374. 

[8] J.F. Carinena, J. Fernandez-Nunez, E. Martinez, "Time-dependent K-operator for 
singular Lagrangians" , (unpublished) (1995). 

[9] J.F. Carinena, C. Lopez, "The time evolution operator for singular Lagrangians", Lett. 
Math. Phys. 14 (1987) 203-210. 

[10] J.F. Carinena, C. Lopez, "The time evolution operator for higher-order singular La- 
grangians", J. Mod. Phys. 7 (1992) 2447-2468. 

[11] J.F. Carinena, C. Lopez, E. Martinez, "A new approach to the converse of Noether's 
Theorem", J. Phys. A: Math. Gen. 22 (1989) 4777-4787. 

[12] J.F. Carinena, C. Lopez, E. Martinez, "Sections Along a Map Apphed to Higher- 
order Lagrangian Mechanics. Noether's Theorem", Acta Appl. Mathematicae 29 (1991) 
127-151. 

[13] J.F. Carinena, E. Martinez, W. Sarlet, "Derivations of differential forms along the 
tangent bundle projection", Diff. Gcom. and Appl. 2(1) (1992) 17-43. 

[14] J.F. Carinena, E. Martinez, W. Sarlet, "Derivations of differential forms along the 
tangent bundle projection 11", Diff. Gcom. and Appl. 3(1) (1993) 1-29. 

[15] P. Dedecker, On the generalization of symplectic geometry to multiple integrals in the 
calculus of variations, Lecture Notes in Mathematics 570, Springer, Berlin (1977). 

[16] P. Dedecker, "Problemes variationnels degeneres", C.R. Acad. Sci. Paris Ser. A-B 
286(12) (1978) A547-A550. 



A. ECHEVERRIA et al, On the construction of IC-operators in Geld theories.. 



34 



[17] A. Echeverria-Enriquez, M.C. Munoz-Lecanda, N. Roman-Roy, "Geometry of 
Lagrangian first-order classical field theories". Forts. Phys. 44 (1996) 235-280. 

[18] A. Echeverria-Enriquez, M.C. Munoz-Lecanda, N. Roman-Roy, "Multivector 
Fields and Connections. Setting Lagrangian Equations in Field Theories". J. Math. Phys. 
39(9) (1998) 4578-4603. 

[19] A. Echeverri'a-Enri'quez, M.C. Munoz-Lecanda, N. Roman-Roy, "Multivector 
Field Formulation of Hamiltonian Field Theories: Equations and Symmetries" , J. Phys. 
A: Math. Gen. 32 (1999) 8461-8484. 

[20] A. Echeverria-Enriquez, M.C. Munoz-Lecanda, N. Roman-Roy, "Geometry of 
Multisymplectic Hamiltonian First-order Field Theories", J. Math. Phys. 41(11) (2000) 
7402-7444. 

[21] C. Ferrario, a. Passerini, "Symmetries and constants of motion for constrained La- 
grangian systems: a presymplectic version of the Noether theorem" , J. Phys. A: Math. 
Gen. 23 (1990) 5061-5081. 

[22] J. A. Garcia, J.M. Pons, "Rigid and gauge Noether symmetries for constrained sys- 
tems". Int. J. Modern Phys. A 15(29) (2000) 4681-4721. 

[23] G. Giachetta, L. Mangiarotti, G. Sardanashvily, New Lagrangian and Hamilto- 
nian Methods in Field Theory, World Scientific Pub. Co., Singapore (1997). 

[24] X. Gracia, J.M. Pons, "On an evolution operator connecting Lagrangian and Hamilto- 
nian formalisms", Lett. Math. Phys. 17 (1989) 175-180. 

[25] X. Gracia, J.M. Pons, "A generalized geometric framework for constrained systems", 
DifF. Geom. Appl. 2 (1992) 223-247. 

[26] X. Gracia, J.M. Pons, "A Hamiltonian approach to Lagrangian Noether transforma- 
tions", J. Phys. A: Math. Gen. 25 (1992) 6357-6369. 

[27] X. Gracia, J.M. Pons, "Gauge transformations for higher-order Lagrangians" , J. Phys. 
A: Math. Gen. 28 (1995) 7181-7196. 

[28] X. Gracia, J.M. Pons, "Canonical Noether symmetries and commutativity properties 
for gauge systems", J. Math. Phys. 41(11) (2000) 7333-7351. 

[29] X. Gracia, J.M. Pons, "Singular Lagrangians: some geometric structures along the 
Lcgcndrc map", J. Phys. A: Math. Gen. 34 (2001) 3047-3070. 

[30] X. Gracia, J.M. Pons, N. Roman-Roy, "Higher order Lagrangian systems: geometric 
structures, dynamics and constraints", J. Math. Phys. 32 (1991) 2744-2763. 

[31] X. Gracia, J.M. Pons, N. Roman-Roy, "Higher order conditions for singular La- 
grangian dynamics", J. Phys. A: Math. Gen. 25 (1992) 1989-2004. 

[32] X. Gracia, J. Roca, "Covariant and non-covariant gauge transformations for the con- 
formal particle". Mod. Phys. Lett. A 8(19) (1993) 1747-1761. 

[33] F. Helein, J. KOUNEIHER, "Finite dimensional Hamiltonian formalism for gauge and 
quantum field theories", J. Math. Phys. 43(5) (2002) 2306-2347. 

[34] K. Kamimura, "Singular Lagrangians and constrained Hamiltonian systems, generalized 
canonical formalism", Nuovo Cim. B 69 (1982) 33-54. 

[35] I.V. Kanatchikov, "Canonical structure of Classical Field Theory in the polymomentum 
phase space". Rep. Math. Phys. 41(1) (1998) 49-90. 

[36] Y. KOSMANN-SCHWARZBACH, Vector fields and Generalized Vector Fields on Fibered 
Manifolds, Lecture Notes in Mathematics 792, Springer, New York (1980) 307. 



A. ECHEVERRIA et al, On the construction of IC-operators in Geld theories.. 



35 



[37] D. Krupka, "Regular Lagrangians and Lepagean forms", Proc. on Diff. Geom. Appls. 
(Brno 1986), Math Ap. (East European Ser. 27), Reidel, Dordrecht (1987) 111-148. 

[38] O. Krupkova, D. Smetanova, "On regularization of variational problems in first-order 
field theory". Proc. on 20th Winter School on Geom. and Phys., Rend. Circ. Mat. Palermo 
(2) Suppl. 66 (2001) 133-140. 

[39] O. Krupkova, D. Smetanova, "Legendre transformation for regularizable Lagrangians 
in field theory", Lett. Math. Phys. 58(3) (2002) 189-204. 

[40] M. DE Leon, J. Marin-Solano, J.C. Marrero, "A Geometrical approach to Classical 
Field Theories: A constraint algorithm for singular theories" , Proc. on New Developments 
in Differential Geometry, L. Tamassi-J. Szenthe eds., Kluwer Acad. Press, (1996) 291-312. 

[41] G. PiDELLO, W.M. Tulczyjew, "Derivations of differential forms in jet bundles". Math. 
Pura et Aplicata 147 (1987) 249-265. 

[42] W.A. Poor, Differential Geometric Structures, McGraw-Hill, New York 1981. 

[43] F. PuGLlESE, A.M. Vinogradov, "On the geometry of singular Lagrangians" , J. Geom. 
Phys. 35 (2000) 35-55, 

[44] F. PUGLIESE, A.M. Vinogradov, "Discontinuous trajectories of Lagrangian systems 
with singular hypersurface" , J. Math. Phys. 42(1) (2001) 309-329. 

[45] G. Sardanashvily, Generalized Hamiltonian Formalism for Field Theory. Constraint 
Systems, World Scientific, Singapore (1995). 

[46] D.J. Saunders, The Geometry of Jet Bundles, London Math. Soc. Lect. Notes Ser. 142, 
Cambridge, Univ. Press, 1989. 

[47] W.M. Tulczyjew, "Les sous-varictcs lagrangiennes et la dinamique hamiltonienne" , C.R. 
Acad. Sc. Paris t 283A (1976) 15-18. 



